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MULTIPLE-FIELD APPROACH IN MODELING STABILITY
OF A CYLINDRICAL SHELL STIFFENED WITH
FRAMES AT EXTERNAL PRESSURE

A.A. Vasil'ev
S ———————
The derivation of one-field stability equations is presented for a cylindrical shell
.regularly stiffened with frames and loaded with an external pressure. Stability

equations for two-field models are derived in a similar manner by introducing a

macrocell.

~ The multiple-field approach is efficient in c;)nstructing theories of elasticity of complex lattices, in
constructing models of continuous media with taking into account the macrostructure (1], and in modeling
the stability of discrete systems [2, 3]. In this paper we consider the application of the multiple-field approach
for modeling the stability of a continual system and derive two-field stability equations for a eylindrical shell

regﬁlarly stiffened with elastic frames and loaded with a uniform external hydrostatic pressure p.

1. MAIN R.ELATIONS FOR STIFFENED SHELL

We assume [4] that the behavior of the shell is described by equations of the quasimemBrane theory,
the width of the frames is negligibly snﬁé.ll compared with the distance between them, the centers of gravity
of their cross-sections Ii'e in the median surface of the shell, the axes are inextensible, and only the bending
rigidity of the frames in their plane is taken into account.

The shell is characterized by thé following parameters: R is the radius, h is the thickness of the shell. a
is the distance between the framés, EJ is the bending rigidity of the frame, B, is the rigidity of the casing for

extension in the axial direction, and D,, is the bending rigidity of the shell in the circumferential direction.
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The loss of stability of the m-th span is described by the equation

: : o 0% D, 8 (& 9 .
Lem =0, L-B@*ﬁ‘s“a;z(w”w“)
v p & (_ai ' ) ' |
+R33<p“ 3<p'~’+1’ : (1)

where ®n,,(z, ¢) is the displacement function defined within the span (0 € = € ¢). The relations for the
axial displacements u, circumferential displacements v, axial forces T, and shear forces S , expressed via the

displacement function, have the form

ad 18% %® 8S : foade
"T 'SRy, T=Bgm 5= BB

For the circumferential displacements V of the points of the m-th frame we have the equation

& (8 PV )
EJé—cp-f (5‘-;4—4-25?-1-‘/) = R*(Sm-1(a) — Sm(0)).

Solution to Eq. (1) is sought in the form &, (z, ¢) = X (z) siﬁ(mp). Transformations with the us_e of the joint
conditions (the equality of the circumferential and axial displacements, and axial forces, in passing through
the frame,r the equality of the circumferential displacements of t'he points of the frame axis and of the casing)
give the following equation for the values &%, = X,,(0)e"®;

Bz + 280 + 8Ly +9(A8)EY, — F(A)(84y + B5_1) =0, (2)

where

f(A&) = 2[cos(Aa) + cosh(Aa)] + (@A) ~?[sin(Aa) — sinh(Ad)]/2,
- 9(A@) = 4 cosh(Aa) cos(Aa) + (@A) ~3[cosh(Ad) sin(A@) — cos(\d) sinh(Ag)],

-~ _ a _E-/-a,a 40,2 2 «_ B 4 o D, »
a—-ﬁ, c_Br-—Rgn(n -1, A _B—zn(n -1) p-F(n 1} ).

Substituting @7, = ®%*™ into (2) we obtain the characteristic equation
4 cos?(ka) — f(2@)2 cos(ka) + g(Aa) = 0. : N !

2. ONE-FIELD MODELS

To construct the one-field model, we introduce the fur ction ®(z, ) defined along the entire axis of the

shell, such that in the places where the frames are disposed the relation

Q(z: v)la::ma = <I>m(0, 90)
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holds. Taking the Taylor-series expansion of the functions 9(Aa3) and f(Ad) with respect to A in relation (3)
and,repla.cmg n by i8()/ ¢ give the differential (with respect to go)-diﬁ‘erenge (with respect to z) one-field
stability equation

Le = 0: f’ = [v-2av+2a + 4] + Gm - Foo[V-av+a + 2], . (4)

where
Vie¢(t, (lp) = :E[@(I + E: ‘P) _VQ(2$ <P)]:

G’, = Z’: ((—l)r4r+1 + (-1)r4'r+1 I*":) (&ft)",

= (4r)! (4r + 3)!
R 4 -1 ar.
F=2 ((4,~ M) ) (@)

2 EJa® 8t [ §? 2
Le=5r 9pt (&p- * 1) ’

. R & [ &° ik
4 —_— e — — —
=g () (o 2 (B +).
Taking the Taylor-series expansion of the function & in (4) with respect to z to the fourth-order

derivatives, we shall obtain the one-field stability equation, differential with respect to z and ¢

Le¢=0, L=Ki+G,-F K. s=o00, {5)
: 84 , 02 1 40t 82
- 4____ - 4____ 2L
where K; = 311 31 + 4a?— 327 + 4 and Kz 3¢ 37 +a 3oz + 2. The substitution of &(z, ¢) =
Xetks sm(mp) gives the characteristic equation
Ki(ak) + g(Aa) — f(Aa)K,(ak) = 0, (6)

where

Kyi(ak) = 4(ak)*/8 - 4(ak)? + 4, Ko(ak) = (ak)?/12 - (ak)? + 2.

This equation is obtained from exact equation (3) as the result of taking the Taylor-series expansion of

the functions 4 cos*(ka) and 2cos(ka) to the fourth-order derivatives at k = 0.
3. TWO-FIELD MODELS

To construct the two-field model, we take a macrocell comprising two elementary periods as the period.

Using additional indices 0 and 1 for denoting the values of the displacement functions in the beginning of
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even and odd spans, we shall rewrite Eq. (2) as system (7):

Qg.n+2 + 2(53,71 + Qg,ﬂ-2 + g(’\a)Qg,n - f(’\a)(Q(IJ,n-{-l + Qg,n—l) = 0:
(M
— f(’\&)(ég.n+2 + <pg,n) + Qg,n+3 + 2¢2,n+1 + Qg,n-l + g(A&)Qg,n+1 = O’ n=2m. |

In the same way as we derived Eq. (4) from Eq. (2), introduce two functions &, (z, @) (r =0, 1) such that

Qr(x, ‘P)|z=(2m+r)a = ‘I’gm+r(0, ®), r= G, 1,

and set up a system of differential-difference equations using Eqgs. (7). Taking the Taylor-series expansion
of the functions ®; and @, with respect to z to the fourth-order derivatives, we shall obtain the differential

stability equations for the two-field model that are approximate with respect to z:

[f(l + é;]Qo - F,ffz‘l’l =0,
. N (8)
—F,KQQo-F{Kl +G,]01 =0, s=o00.

The corresponding characteristic equation has the form D_D,; =0, where
Dy = Ki(ak) — g(2a) + F(Aa)Ko(ak).

" The equation D_ = 70 coincides with Eq. (6). The equation D, = 0 can be obtained from the exact equation,
if we replace k by x/a—k in it and take the Taylor-series expansion of the functions 4 cos?(ka) and -2 cos(ka)
to the fourth-order derivatives at k = 0. In other words, the two-field model, coincidiﬁg with the one-field
model at small k, refines it at k close to 7/a. To this value of k there corresponds the pressure value in the

case of the local loss of stability.
4. APPLIED MODELS

Eliminating éll the derivatives with respect to z and ¢ of order higher than the eighth in Eq. (5) vields
stability equation (1) of the quasimembrane theory for the shell with the bending rigidity D, + E.f /a, used
in the constructively anisotropic approach.

Eqﬁations (5) and (8) for finite s’s give one-field and two-field equations which are a.pﬁlicable for finding
s minimum critical forces and éonvenient for analysis,

At s = 1 the relations of the one- and two-field models of stability, approximate with respect to z

and ¢, are formed from (5) and (8), which give, respectively, formulas (9) and (10) for finding the critical
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pressure value by minimization with respect to n:

1
Rni(n? - 1)

)
2 = Ki(ak) + 4+ Zc - (4 - g) Ka(ak),

2. 16¢ 1 ¢
= (3 + ?—) -+ (g - .'7-,) Ky (ak);

1. D =
P = NB g TR - @M =dd/al, (10)

af = Ky (ak) + 4+ éc - (4- %) (xKa(ak)),
it = (3+5)+ (3-5) exn).
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